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Abstract. We introduce a new method to compute explicit formulae for 
various zeta functions associated to groups and rings. The specific form 
of these formulae enables us to deduce local functional equations. More 
precisely, we prove local functional equations for the subring zeta func- 
tions associated to rings, the subgroup, conjugacy and representation zeta 
functions of finitely generated, torsion-free nilpotent (or T-)groups, and 
the normal zeta functions of T-groups of class 2. In particular we solve 
the two problems posed in [5] Section 5]. We deduce our theorems from 
a 'blueprint result' on certain p-adic integrals which generalises work of 
Denef and others on Igusa's local zeta function. The Malcev correspon- 
dence and a Kirillov-type theory developed by Howe are used to 'linearise' 
the problems of counting subgroups and representations in T-groups, re- 
spectively. 



Zeta functions of groups were introduced by Grunewald, Segal and Smith 
in the 1980s as a tool to study the subgroup growth of finitely generated 
groups. In [14] the zeta function of a finitely generated group G was defined 
as the Dirichlet series 



where s is a complex variable and the sum ranges over the finite index sub- 
groups of G. Grunewald, Segal and Smith derived results on the zeta func- 
tions of finitely generated, torsion-free nilpotent (or T-)groups G, and went 
on to consider variants of (pQ). These include a T-group's normal zeta func- 
tion counting only normal subgroups of finite index, and the conjugacy zeta 
function counting subgroups up to conjugacy. They also developed an anal- 
ogous theory for rings. (In the current paper, by a ring we mean a finitely 
generated abelian group with a bi-additive product.) The ideal zeta function 
of a ring, for instance, generalises the classical Dedekind zeta function of a 
number field. Much of the subsequent developments in the theory of zeta 
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functions of groups and rings is documented in the monograph [21] and in 
the report [9]. 

Only comparatively recently, Hrushovski and Martin ([17]) started to inves- 
tigate representation zeta functions of T-groups, enumerating (twist-isoclasses 
of) finite-dimensional complex characters. 

All the zeta functions mentioned so far have the property that they satisfy 
an Euler product decomposition into local factors, indexed by the primes. For 
example, for a T-group G we have 

cg(s)= n 

p prime 

where Cg,p( s ) = Y1h< p g \G ■ H\~ s enumerates finite p-power index sub- 
groups. All these local zeta functions are known to be rational functions 
in the parameter p~ s with integer coefficients ([H], P2])- In many cases they 
exhibit a remarkable symmetry: For instance, it had been observed (cf., e.g., 
[9 J ) that the local factors of all zeta functions of T-groups G for which explicit 
formulae are known satisfy a local functional equation of the form 

(2) Cg^W* = (-l) a p b - cs ( G ,p(s), 

for almost all primes p and suitable integers a, b, c depending only on the 
Hirsch length of G. Here p — ► p~ l denotes a formal inversion of the local 
parameter p, which we shall now explain. 

The prime example is the case of G = Z n . It is known from |14} Proposition 
1.1] that 

n-l 

co(*)=n 

where £(s) = Y[ p pr ime i-p-° * s ^ ne Riemann zeta function. The functional 
equation 

i=0 y 1=0 F 

of the local factor at the prime p is easily seen to hold for all primes. Here, as 
well as in all other cases in which explicit formulae are known to date, the local 
zeta functions Cg,p( s ) are in fact rational functions in p~ s and p, and the left 
hand side of ([2]) denotes the rational function obtained by formally inverting 
both of these two parameters. This 'uniformity' in the prime p, however, is not 
typical: Results of du Sautoy and Grunewald ([8j) show that the dependence 
of the local (normal) zeta functions of T-groups on the primes will, in general, 
reflect the variation of the number of F p -points of certain algebraic varieties 
defined over ¥ p , which may be far from polynomial in the prime p (see also [6] 
and |7J). In [31] we produced examples of normal zeta functions of T-groups of 
nilpotency class 2 (or T-g r oups) which exhibit functional equations similar 
to ([2]) and which are not uniform. Indeed, the local factors of these zeta 
functions are rational functions in p~ s , whose coefficients involve the numbers 
°v(p) of Fp-rational points of certain smooth projective varieties V over ¥ p 
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which are, in general, not polynomials in p. By the Weil conjectures, these 
numbers may be expressed as alternating sums of Frobenius eigenvalues. The 
operation p — » p~ l is performed by inverting these eigenvalues. In the special 
('uniform') case that the by(p) are in fact polynomials in p, this specialises 
to an inversion of the prime p. 

Only a single example of a representation zeta function of a T-group seems 
to have appeared in print so far: In [T7j Hrushovski and Martin derive a 
formula for the representation zeta function of the discrete Heisenberg group 
in terms of the Riemann zeta function and its inverse (cf. Example 1 1 . 2H . 

According to du Sautoy and Segal, to find an explanation for the phenom- 
enon of local functional equations for zeta functions of groups and rings is 
"one of the most intriguing open problems in this area" p. 274]). In the 
current paper we prove that local functional equations hold for (almost all 
factors of) the following zeta functions: 

(A) zeta functions of rings (and, as a corollary, of T-groups), 

(B) conjugacy zeta functions of T-groups, 

(C) normal zeta functions of T-groups and 

(D) representation zeta functions of T-groups. 

By proving (A) and (C) we solve Problems 5.1 and 5.2 posed in [9]. In 
its given generality, (C) is best possible: It is known that the normal zeta 
functions of nilpotent groups of class 3 may or may not satisfy local functional 
equations (cf. [13] ) . To determine the exact scope of this intriguing symmetry 
for ideal zeta functions of rings remains a challenging open problem. 

We achieve our results by showing that all of the above-mentioned zeta 
functions may be expressed in terms of certain p-adic integrals, generalis- 
ing Igusa's local zeta function. Given a non-constant polynomial /(y) € 
Z[yi, . . . , y m ], its associated Igusa local zeta function is the p-adic integral 

/ l/(y)| s |dy|, 

J7L™ 

where s is a complex variable, | | stands for the p-adic absolute value and 
|dy| denotes the (additive) Haar measure on Z™, the affine m-space over the 
p-adic integers Z p . This p-adic integral is closely related to the Poincare series 
counting p-adic points on the hypersurface defined by / (cf. [1]). We prove 
functional equations for these integrals by generalising results by Denef and 
others on Igusa's local zeta function. 

The integrals considered in the present paper are quite different from the 
'cone integrals' introduced by du Sautoy and Grunewald in [8] (see Section [l~2l 
for further details). 

1.1. Detailed statement of results. Let L be a ring. Its (subring) zeta 
function is defined to be the Dirichlet series 

Cl(s) = £ \L : H\- s , 
H<L 
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where the sum ranges over all subrings H of finite index in L, and s is 
a complex variable. This zeta function decomposes naturally as an Euler 
product, indexed by the primes: 

p prime 

where Cl,p(s) = Cl®z p (s)- Grunewald, Segal and Smith proved in [2] that 
each local factor is a rational function in p~ s with integral coefficients. Our 
first main Theorem is 

Theorem A. Let L be a ring of torsion-free rank n. Then there are smooth 
projective varieties Vt, t G {1, . . . , m}, defined over Q, and rational functions 
Wt(X,Y) G Q(X,Y) such that for almost all primes p the following hold. 

(a) Denoting by bt(p) the number of¥ p -rational points ofVt, the reduction 
mod p ofVt, we have 

m 

(3) (L, P ( s ) = J2 b ^ W t(P>P~ S y 

t=l 

(b) Setting bt(p~~ 1 ) := p~ dim ( Vt ^bt(p) the following functional equation 
holds: 

(4) a^Wx = (-i)>©- ns a, P (*)- 

The novelty of this result is that it allows us to deduce the equations ([3]). 
In [8], du Sautoy and Grunewald gave formulae akin to ([3j) for, inter alia, 
the local factors of Cl(s)- Their proof depends on a representation of local 
zeta functions through certain p-adic integrals called 'cone integrals' which 
in general will not satisfy functional equations like ([!]). See [321 Chapter 4] 
for a discussion of functional equations for cone integrals. 

Given a ring L we cannot, in general, pin down the primes p which have to 
be excluded in Theorem |Aj On the other hand, any prime p will be among 
the primes for which Theorem [Aj applied to the ring pL, makes no assertion. 

We also note that the definition in part (b) of Theorem lAl is consistent with 
our above explanation of the operation p — » p' 1 . Indeed, by the Weil conjec- 
tures, the numbers bt(p) may be expressed as alternating sums of Frobenius 
eigenvalues. These complex numbers satisfy certain symmetries which are 
reflected by the functional equations for the Weil zeta functions of the vari- 
eties Vt. Had the expressions been defined as the numbers obtained 
from inverting these eigenvalues, the identities h^p^ 1 ) = p~ dim ^ Vt ^bt(p) would 
follow from these symmetries (see the remarks preceding Theorem 12.31 for de- 
tails). 

Example 1.1. Theorem [A] applies in particular to the zeta functions of 'sim- 
ple' Lie algebras over Z such as sl(d, Z). The only such Lie algebra for which 
a functional equation as in §4§ had been previously established is L = sl(2, Z) 
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(cf. PJ3): 

Cl(s) = C(s)((s - l)C(2s - l)C(2s - 2)(1 + 3 ■ 2 1 " 2 * - 2 3 ~ 3 *) JJ(1 - p 1 ^). 

In fact, s((2, Z) seems to be the only non-soluble Lie ring whose subring zeta 
function has been computed explicitly. Note that the functional equation fails 
for p = 2. A similar phenomenon may occur if one studies the zeta function 
of a Zp-algebra: In [21] Klopsch computes the zeta function of a maximal Z p - 
order in a central simple Q p -division algebra of index 2. The fact that this 
zeta function does not satisfy a functional equation of the form @ reflects 
the fact that it is not the 'generic' local factor of the zeta function of a ring. 

Klopsch and the present author have unified and generalised the above 
examples. In |22j they gave a formula for the zeta function of an arbitrary 
3-dimensional Z p -Lie algebra, based on the proof of Theorem [A] 

An important corollary of Theorem [A] is to the theory of zeta functions 
of finitely generated, torsion-free nilpotent (or T-) groups. In [14| Theorem 
4.1] it was shown that, given a T-group G of Hirsch length n, there is a Lie 
subring L = L(G), lying as a full Z-lattice in an n-dimensional Lie algebra 
C(G) over Q such that for almost all primes p 

(5) Cg» = a, P ( s ). 

Thus we obtain 

Corollary 1.1. Let G be a T-group of Hirsch length n. For all but finitely 
many primes p 

C G As)\ P ^ P -i = (-±) n P G) - ns CG, P (s)- 

Theorem [A] is itself an instance of an application of a 'reciprocity' result 
(Corollary 12.31 to Theorem I2.3|) establishing certain functional equations for 
a family of p-adic integrals. Theorem 12.31 may be viewed as a generalisation 
of Stanley's 'reciprocity theorem for linear homogeneous diophantine equa- 
tions' ([28j Theorem 4.6.14]), which we now briefly explain. Given a set of 
simultaneous linear homogeneous diophantine equations in n indeterminates, 
say, one may encode their non-negative (positive) solutions in a rational gen- 
erating function E(x) (E(x), respectively), where x = (xi, ■■ ■ , x n ) is a vector 
of formal variables. More precisely, one defines 

where a = (ai, . . . , a n ), x a = x® 1 . . . x" n and is the cone of all non- 
negative real solutions to the given set of equations. Stanley's reciprocity 
theorem states that, if E(x) ^ 0, then 

E(l/x) = (-l) dim ^£(x). 



The denominator of P(2~ s ) in |9] Equation (7)] should read 1 - 2 1_3s . 
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Our generalisation is obtained using (a variant of) Stanley's result and an 
explicit formula of the form ([3]) for the integrals in question (Corollary 12.11 
of Theorem 12.2ft . This formula in turn is inspired by and generalises work 
of Denef ([3]), Denef and Meuser ([5]) and Veys and Zuniga-Galindo ([29]) 
on Igusa's local zeta function. While Igusa's local zeta functions associated 
to homogeneous polynomial mappings may be expressed as integrals over 
projective space, the p-adic integrals considered in the current paper reduce to 
integrals over the complete flag variety GL n /B, where B is a Borel subgroup. 
In a sense this explains the factor pb) in Q. 

A variant of the problem of counting subgroups consists in counting sub- 
groups only up to conjugacy. Let G be a T-group. The conjugacy zeta 
function of a T-group G is defined as 

C G C (s)= \G : H\- s \C G {H)\^ 
H<G 

where \Cq{H)\ is the size of the conjugacy class of H. It is known (O 
Remark on p. 189]) that Cq{s) also has an Euler product decomposition into 
local factors (q p (s) which are all rational in p~ s . By applying the results of 
Section [2] we shall prove 

Theorem B. Let G be a T-group of Hirsch length n. For all but finitely 
many primes p 

As a third application of our rather technical 'blueprint result' Theorem l2.2l 
and its applications we deduce functional equations for normal zeta functions 
of T-groups. The normal zeta function of a T-group G is defined as 

H<G 

where the sum ranges over the normal subgroups H of finite index in G. It 
also satisfies an Euler product decomposition. We prove 

Theorem C. Let G be a T%-group of Hirsch length n with centre Z{G) such 
that G/Z{G) has torsion-free rank d. For all but finitely many primes p 

3>W* = {-^Tv^-^CgM 

As mentioned above, a functional equation may or may not hold for normal 
zeta functions of class greater than three. See [HI Chapter 2] for examples 
and [13} Theorem 4.44] for a conjectural form in case it does hold. 

The fourth and last application in this paper of Theorem 12.21 and its con- 
sequences is concerned with representation zeta functions of T-groups, which 
we shall now explain. Given a T-group G, we denote by R n (G) the set of 
n-dimensional complex characters of G. Given 01,02 € R n (G), we say that 
01 and 02 are twist-equivalent if there exists a linear character x 6 Ri(G) 
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such that o"i = x°"2- The classes of this equivalence relation are called twist- 
isoclasses. We say that a character a of a representation p of G factors 
through a finite quotient of G if p factors through it. The set R n {G) has 
the structure of a quasi-affine complex algebraic variety whose geometry was 
analysed by Lubotzky and Magid in [23J . They proved 

Theorem [23, Theorem 6.6] Let G be a T -group. For every n S N there is a 
finite quotient G(n) of G such that every n- dimensional irreducible character 
of G is twist- equivalent to one that factors through G(n). In particular, the 
number of twist-isoclasses of irreducible n-dimensional characters is finite. 

Let us call this number a n . The representation zeta function of G is defined 
(cf. p2]) by 

oo 

&(s) :=5> n n" s . 

n=l 

It follows from the above theorem and [21 (10.33)] that the function n t— > a n 
is multiplicative and thus 

#«= n cs», 

p prime 

where 

oo 
n=0 



Example 1.2. (pH Example 8.12], [SQ Theorem 5]) Let 

H = {xi, X2,y\[xi, X2] =y, all other [,] trivial) 
be the discrete Heisenberg group. Then 

&"(,) = £ <P(n)n- = ^= n rf£. 

n=l p prime 

where (ft denotes the Euler totient function. 

By a model-theoretic result of Hrushovski and Martin |17^ Theorem 8.4], 
the local representation zeta functions of a T-group are known to be rational 
functions in p~ s with integer coefficients. By expressing QqAs) in terms of 
p-adic integrals to which Theorem 12.21 is applicable we shall prove 

Theorem D. Let G be a T-group with derived group G' = [G, G] of Hirsch 
length n. Then for almost all primes p 
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1.2. Outline of methodology and related work. We briefly describe how 
we relate the problems solved in Theorems lAl |B| ICl and ID1 to problems about 
p-adic integrals. 

To count the subrings of p-power index in a ring L of rank n, we observe 
that it is enough to keep track of the index of the largest Z p -subalgebra of 
L<8>Z p in each given homothety class of lattices in the p-adic vector space Q™. 
Using the action of the group T := GL n (Z p ) on the set of homothety classes, 
we show that the latter problem reduces to counting polynomial congruences 
in finite quotients of V. This counting problem translates into the problem 
of computing a p-adic integral in very much the same fashion as the problem 
of counting polynomial congruences in affine space translates to the prob- 
lem of computing Igusa's local zeta function (cf. [H Section 1.2]). It proved 
helpful to think of homothety classes of lattices as the vertices of the Bruhat- 
Tits building of SL n (Q p ), and to partition the vertex set into finitely many 
parts according to their position relative to the 'root class' [L <g> Z p ]. As 
we remarked above, this approach differs decisively from the 'cone integrals' 
introduced by du Sautoy and Grunewald in 8]. Their analysis rests on a 
basis dependent parametrisation of p-power index subrings of a given ring in 
terms of upper-triangular matrices over the p-adic integers satisfying certain 
divisibility conditions ('cone conditions'). 

To count subgroups up to conjugacy in a T- group G we use the fact that, 
for almost all primes p, 

C£» = C£», 

where L = L(G) is the Lie ring associated to G (cf. the remark preceding 
Corollary II. ip . and 

C£y*)= Yl \L®%p-H\- s \L®'L p :Nl& p {H)\- 1 , 

H<L®TL V 

where H ranges over the subalgebras of L ® Z p of finite index and Nl®z p {H) 
is the normaliser of H in L ® Z„. We thus have to keep track both of the 
largest subring of L <g> Z p in each given homothety class and of the class' 
normaliser. The index of the latter is given by the index of a system of 
linear congruences. Enumerating these indices, in turn, may be achieved by 
counting the elementary divisors of matrices of linear forms, encoding the 
group's commutator structure. In Proposition 12.21 we show that, slightly 
more generally, the generating functions enumerating elementary divisors of 
matrices of polynomial forms of the same degree may be expressed in terms 
of p-adic integrals associated to degeneracy loci of these matrices, to which 
Corollary 12.41 is applicable. 

In order to count normal subgroups in class-2-nilpotent groups we develop 
an idea first introduced in [30]. There it was shown that it suffices to evaluate 
a weight function on the set of homothety classes of lattices in the centre 
Z(L<S>1i p ) of the Zp-Lie algebra L®Z p , where L is the associated Lie ring. The 
weight associated to a vertex in the appropriate affine Bruhat-Tits building 
corresponding to a given class is again given by the index of a system of linear 
congruences. 
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As mentioned above, the validity of our main Theorems LAI and ICl had been 
known in many special cases. We refer the reader to the numerous examples 
collected in [13J. In this research monograph du Sautoy and Woodward also 
present a conjecture on functional equations for cone integrals that would 
explain functional equations for normal zeta functions of nilpotent of class 
greater than 2. 

The key to Theorem iDl is to use 'Kirillov-theory' developed by Howe [16] 
to translate the problem of counting irreducible representations of G to the 
problem of counting co-adjoint orbits in the dual of the Lie algebra associ- 
ated to G by the Malcev correspondence. We use the fact - also established 
by Howe - that the sizes of co-adjoint orbits may be expressed in terms of 
the indices of the radicals of certain anti-symmetric forms on the Lie alge- 
bra. These may also be described in terms of elementary divisors of matrices 
encoding the structure of the Lie algebra. 

Representation zeta functions of nilpotent groups have not been studied 
until fairly recently, and [T7] seems to be the only reference so far on this 
topic. The idea of using Kirillov-theory to study representation zeta functions 
of groups, however, has been successfully employed before. Jaikin-Zapirain 
proved in pjj] the rationality of representation zeta functions for certain com- 
pact p-adic analytic groups using a Kirillov-type correspondence developed 
by Howe ([IS]) for these groups. In [17J Hrushovski and Martin suggest that 
Jaikin-Zapirain's work may be adapted to prove rationality of local represen- 
tation zeta functions for T-groups, too. 

Among the variants of the zeta function (PQ) of a T-group G considered 
in [14] is also the zeta function Cg( s )> enumerating subgroups of finite index 
whose profinite completion is isomorphic to the profinite completion of G. 
In [10] du Sautoy and Lubotzky proved a functional equations for the local 
factors of Cg( s ) f° r a cl ass °f T-groups. Their work is based on a reduction 
of the problem of computing these zeta functions to the problem of comput- 
ing certain p-adic integrals over the group's algebraic automorphism group, 
generalising work of Igusa's ([18]). The functional equation for the local fac- 
tors of these zeta functions arises from a symmetry in the root system of the 
associated Weyl groups. An argument of this kind (albeit only for the Weyl 
groups of type A) is also used in the present paper to deduce Corollary 12.31 
We do not know whether the zeta functions Cg( s ) (f° r reasonably large classes 
of T-groups) may be described by the p-adic integrals studied in the current 
paper. In [j Berman extends the approach taken in |10| . proving uniformity 
and local functional equations for these zeta functions for a wider class of 
nilpotent groups than previously considered. 

The fact that we have to disregard finitely many primes in most of our 
results has two reasons: Firstly, our Theorems 12.11 and 12.21 upon which The- 
orem 12.31 and its corollaries are based are valid only for primes for which a 
certain principalisation of ideals has good reduction. Secondly, we are forced 
to ignore finitely many primes in order to transfer between the T-group G 
and its associated Lie algebra. 
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1.3. Layout of the paper and notation. In Section [2] we first develop, in 
Theorems 12.11 and 12.21 explicit formulae for certain families of p-adic integrals 
generalising Igusa's local zeta function. These two results - which may be 
understood as close analogues of Theorems 2 and 3 in [5] - form the technical 
core of the paper. We use them to establish, in Theorem 12.31 an 'inversion 
property' enjoyed by the p-adic integrals considered. In Corollaries l2.3l and l2.4l 
we exploit this property to deduce functional equations for certain linear 
combinations of the p-adic integrals in question. The remainder of the paper 
is dedicated to showing how Theorem 12.21 may be used as a template to 
describe various kinds of zeta functions. In the second part of Section [2] we 
give a first application of this idea to the problem of counting elementary 
divisors of matrices of forms (Proposition I2.2[) . In the four subsections of 
Section [3] we prove Theorems [Aj [Bj O and EJ respectively. 
We use the following notation. 



N 

I = {«!,..., ij}< 



[k] 
[l,k] 

Q 

Ox 



<5Vi 

M* 

Wjp 

Q P 

[A] 

K 

R 

P 

K 

F 

S P 



the set {1,2,...} of natural numbers 

the set I of natural numbers i\ < • • • < i\ 

the set I U {0} for I C N 

the set {l,...,k}, fceN 

the set {I, . . . , k}, k,l G N 

the binomial coefficient for a, b G No 

the polynomial IlfcoC 1 ~ ~ X^), 

where a, b G No with a >b 
Note: The q-binomial coefficient or Gaussian 



polynomial 



gives the number of 



subspaces of dimension b in F„. 
the polynomial 

for n G N, I = ... , i i } < C [n — 1] 
Note: (j) gives the number of flags of type I in F™. 
the symmetric group on n letters 
the transpose of a matrix M 
the ring of p-adic integers (p a prime) 
the field of p-adic numbers 
the homothety class Q*A of a (full) lattice A in 
a finite extension of the field Q p 
the valuation ring of K 
the maximal ideal of R 
the residue field R/P, of cardinality q 
a number field 

the 'Kronecker delta' which is equal to 1 if 
the property P holds and equal to otherwise. 



Given a set f of polynomials and a polynomial g, we write gi for {gf\ f G f}, 
and (f) for the polynomial ideal generated by f . 
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2. Functional equations for some p-adic integrals 

2.1. A blueprint result. In this section we study a family of p-adic inte- 
grals generalising Igusa's local zeta functions. We first introduce some more 
notation. Let p be a prime and K be a finite extension of the field Q p of 
p-adic numbers. Let R = Rk denote the valuation ring of K, P = Pk the 
maximal ideal of R, and K the residue field R/P. The cardinality of K will 
be denoted by q. 

For x G K, let v(x) = vp(x) € Z U {oo} denote the P-adic valuation 
of x, and |x| := q~ v ( x > . For a finite set 5 of elements of K, we set ||«S|| := 
max{|s| | s € S}. Fix k,m,n £ N. For each k G [fe], let (f ret )ie/ K be a finite 
family of finite sets of polynomials in iT[j/x, • • • , y m ], and let xi, . . . , £ n _i be 
independent variables. Also, for i £ [n — 1] we fix non-negative integers e% KL . 
For a set J = {ii, . . . , i{\ < C [n — 1], k£ [A;], we set 



teJre Vie/ / 

Let VF C i? m be a subset which is a union of cosets mod P m and s = 
(si, . . . , Sfc) be independent complex variables. We then define 



where |dx/| = jdx^ A • • • Adxj, | is the Haar measure on K l normalised so that 
R l has measure 1 (and thus P l has measure q~ l ), and |dy| = \dy\ A • • • Ady m \ 
is the (normalised) Haar measure on K m . It is well-known that Z\\r K I (s) is 
a rational function in q~ SK , k G [k], with integral coefficients. 

We now assume that the polynomials constituting the sets f Kt are in fact 
defined over a number field F. We may consider the local zeta functions 
Zwk i( s ) f° r a h non-archimedean completions K of F. In the remainder 
of this section we shall derive formulae for Z\y,K,i(s), valid for almost all 
completions K of F under this and further assumptions. They are essentially 
based on the formulae Denef gave for Igusa's local zeta function 



in [31 Theorem 3.1], using the concept of resolution of singularities for the hy- 
persurface defined by /. In the case where the single polynomial / is replaced 
by a finite set of polynomials f , Veys and Zuniga-Galindo ( |29l Theorem 2.10]) 
gave an analogous formula, using instead the concept of principalisation of 
ideals, which we briefly recall. 

Theorem [33, Theorem 1.0.1] Letl be a sheaf of ideals on a smooth algebraic 
variety X. There exists a principalisation (Y,h) of I, that is, a sequence 




(6) 



Z w , KJ (s):= [ [] ||g K , / (x,y)|| s «|dx / ||dy| 
Jpl * W Ke[k] 




X = X 



hi 





X r = Y 



of blow-ups h L : X L — > X t —i of smooth centres C b —\ C X L —\ such that 
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a) The exceptional divisor E L of the induced morphism h L = h L o • • • o h\ : 
X L — > X has only simple normal crossings and C L has simple normal 
crossings with E L . 

b) Setting h = h r o • • • o hi, the total transform h*(X) is the ideal of 
a simple normal crossing divisor E. If the subscheme determined 
by I has no components of codimension one, then E is an N-linear 
combination of the irreducible components of the divisor E r . 

Also recall the definition [3l Definition 2.2 {mutatis mutandis)] of a princi- 
palisation (Y, h) with good reduction mod P if I and ( Y, h) are denned over a 
p-adic field K. Note that, given a principalisation (Y, h) for X defined over a 
number field F, (Y, h) will have good reduction mod P (where P is the max- 
imal ideal in the ring of integers of the completion of F at K) for almost all 
maximal ideals P of the ring of integers of F (this is essentially [3J Theorem 

Specifically, let (Y, h), h : Y — > A m , be a principalisation of the ideal 

n (w 

where (f) denotes the ideal generated by the finite set f of polynomials. We 
set V := Spec(F[y]/J) and V Kl := Spec(F[y]/(f Kt )). Then, denoting by E t , 
t £ T, the irreducible components of (/i _1 (V)) rc d, we have 

(7) h- l (V)=Y J N t E t , 

teT 

(8) h- 1 (V M )=J2 N t K cE t , 

teT 

say, for suitable non- negative integers N t ,N tKi . Note that, for every t € T, 

Similarly we denote by i>t — 1 the multiplicity of in the divisor of h* (dyi A 
• • • A dy m ). The numbers (Nf Kl , ^t)teT,Ke[k],i,eI K w ^ be called the numerical 
data of the principalisation (Y, /i). 

Theorem 2.1. Suppose that all the sets f Ki are integral (i.e. contained in 
R\y\) and do not define the zero ideal mod Pk, and that (Y,h) has good 
reduction mod Pk- Then 

^ UCT 

where 

c u<w (q) = \{a G Y(K)\ a G ~E£(K) ^ u e U and h{a) € W}| 
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(where denotes reduction mod P and W = {(yT, ■ ■ ■ , y^)\ (yi, ■ ■ ■ ,2/m) € 

W}\) and 

(9) 

E UI (q,s)= V] q-T.i^i-T.u v nrn u -Y JK s K min^ lK {Y li ei K ,n i +Y: u N UKL m, u } _ 

Example 2.1. If I = and, for each k £ [fc], = 1, Theorem 12.11 reduces 
to (a multivariable version of) Vey's and Zuniga-Galindo's generalisation [291 
Theorem 2.10] to polynomial mappings of Denef's explicit formula (3J Theo- 
rem 2] for Igusa's local zeta function associated to a single polynomial. Notice 
in particular that in this case 



Eu, (q, S ) = Yl q^ m ^-^ N - s ^ = II T_ \ 

for X u := q~ Uu ~^K N UK s K ^ w h ere we wr it e N UK for N UKi . Also compare Ex- 
ample [2]2] for the other 'extremal case' 30j(q,s). 

Proof. The proof is analogous to the one of O Theorem 3.1] (=[13 Theorem 
2] ) , with the concept of resolution of singularities replaced by the concept of 
principalisation of ideals. We adopt - mutatis mutandis - Denef's notation 
and just explain how the proof differs from his. Let a be a closed point of Y, 
and thus also of Y. Let T a = {t G T\ a G E t } = {ti, . . . ,i r }<> say. Define 
H = {b G Y(K)\ h(b) G R m } and recall the definition of the 'reduction 
mod P'-map 6 : H —* Y(K). In the regular local ring O y , there exist 
irreducible elements 71, .. . , 7 m such that, on 6> _1 (a), for all k G [k], l G I k , 

\\^oh\\ =| 7l |^i-...| 7r |^- and 
\h*(d Vl A . . . dy m )\ =|7ir tl_1 | • • • |7rr v_1 |d7l A • • • A d 7m |. 
Setting d 7 := d 7 i A • • • A d7 m we define 

Za,l(s) 

■=l pl ftl(] u maxjni^r- n i7pi^~l n w^i^m 

JFXO W Ke [ k ] K p€ [ r ] J pe [ r ] 

= I n ff I x\\ x i\ eiK " n \yp\ NtpKL \ n w^vx/iidyi 

(",7 _ 1 y+i 

_ 12 / „- X,i ".-Et U tm t -J2 K s k min te / K -Ei e iKt n,+yj; t N tKL m t } 

qm+l / j y 

(mt) te T eN'' 
(n,)ie/eN ; 

This suffices as ^^/(s) = SaeYCK) #0,7 (s). □ 

71(a) GVK 
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We now make the further assumption that m = n 2 . We identify K n with 
Mat n (-fC) and assume that the ideals (f« t ), K € [k], i € I K , are P(P)-invariant, 
where B{F) is the group of P-rational points of the Borel subgroup of upper- 
triangular matrices in G = GL„, acting on K[yn, yu, ■ ■ ■ , y n n] by matrix- 
multiplication from the right. Let (Y,h), h : Y — > G/B be a principalisation 
of the ideal Z = \\ K t (f Kt ). Denoting, similar to the above, by V the subvariety 
of G/B(K) defined by X and by V KL the subvariety defined by (f Kt ) yields 
numerical data (N tKL , vt)t&T,ne[k},i&i K defined by formulae analogous to (J7|) 
and © above. We shall study the integral 

Z/(s) := Ziv,ji-,/(s) 

for = r = GL n (P) for almost all completions K of F. Note that the Haar 
measure // on the compact topological group T coincides with the additive 
Haar measure \x induced from R n (and normalised such that fi(R n ) = 1), as 
n' = | det \~ n fi = [/,. This will be important in later applications as it implies, 
for example, that all the cosets of a finite index subgroup r' < T have measure 
/i(T)/|r : r (, with M (r) = (1 - cT 1 ) ... (1 - <T»). 

Theorem 2.2. Suppose that, in addition to the above assumptions, none of 
the ideals (f ret ) is egual to the zero ideal mod Pr-, and that (Y,h) has good 
reduction mod Pjc- Then 

^/(s) = * — Vy — E c ^)(? - i) |f/| ^,/(g,s), 

where eachcjj{q) is the number of K -rational points of E\j \ Uy dj/£V (Ejj := 
(~\ u& uE u ) and Euj(q,s) is defined as in ^ above. 

Proof. The proof follows closely the spirit of the proof of [SJ Theorem 3] . In 
fact, our function Zj(s) is a close analogue of the function Zk(s), defined 
on p. 1140]. We write T disjoint union of sets 

r ff = {xer|xGB(F>B(F,)}, 

a E S n , where GL n (F g ) = Uo-eS„ B(¥ q )aB(¥ q ) is the Bruhat decomposition 
(here a £ S n is identified with the respective permutation matrix in GL n (F g )). 
Thus 

Z/(s) = ^ ^r CT ,K,/(s). 

There is an obvious map 7 : T — > G/B(K), and, by our invariance assumption 
on the ideals (f Kt ), the value of the integrand of Zj(s) at a point (x, y) £ P' xT 
only depends on x and 7(y). By taking the measure u on G/B(K) which 

induces the Haar measure on the unit ball of each affine chart satisfying 
o>(a + p(a)) = 5^(2) and noting that /x(P) = (1 — g" 1 )™, we obtain 

SiwW = (l-g- 1 )" / [J l|g Kl /(x,y)indx 7 |du;, 

■ /P ' x ^i.6[fc] 
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where V a = "f(T a ). The projective variety G/B may be covered by varieties 
U a , isomorphic to affine (n) -space, indexed by the elements of the symmetric 
group S n , such that each V a is contained in U a and is a union of cosets 
mod Pva). Theorem 12.11 may thus be applied to the restriction (Y",^) 
of (Y, h) , a principalisation of the ideal defining the restriction of V to U a 
(Y a = h~ 1 (U a ), h a = h\Y<*), with good reduction mod P. We obtain 

f \{ ||g K , / (x,y)|| s «|dx / |da; = (1 ~ I cuAQ)(Q-^ U ^uA<l^), 

JplxVa ne[k] <P 2 ' UCT 

where 

cuAQ) = \i a e Y a (K)\ a G E~(K) ^uGf/and h(a) G %}\. 
The result follows since, if a G Y(K), then h(a) is in exactly one V a . Thus 
£ CTe5 „ c uAq) = K« G « e « G ^}| = cu(?). □ 

We now consider the normalised integrals 

Zj(s) 



(10) Z I (s) :-- 



Corollary 2.1. ForU C T, letbu(q) denote the number of K -rational points 
of Ejj . Then 

(11) Zj(s) = \G/ B(¥ q )\^ 1 £ fcfo) J](-lf v l(g- 1)^^, s). 

C/CT vcu 

Proof. This follows immediately from the formula given for Zj(s) in Theo- 
rem E21 Definition ([TDD, the fact that |G/-B(F«,)| = L-i]) and from the 
identity 

<v(?) = £ (-l)'^ y| ^(?)- 

□ 

Before we proceed we consider a very special case. 

Example 2.2. Assume that, for all k G [ft], \I K \ = 1 and that all f Kt = {1}. 
We write ej K for ej Kt . We have 

(rii) ie ieN ! ie-f 4 

with = g-i-E* Also note that & (g) = |G/5(F 9 )| and that 6 c/ (g) = 
if U 7^ 0. Thus Zj(s) = Ilie/ x-x- • ^ * s trivial to verify the 'inversion 
property' 

(12) ZKs^-i^-ljI'lJ^Cs), 

JC7 
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as 



Hi 



x >' 1 --^i)' 7 'vn Xj 



In the remainder of the current section we shall show that equation (|12|) 
holds under the premises of Theorem 12.21 To give meaning to the left-most 
term in (|12|) in general we have to explain what we mean by bjj{q~ 1 ) (the 
other constituents of the expression (jlip for Zj(s) being rational functions 
in q and q~ Sl , ■ ■ ■ ,q~ Sk ). Recall that by properties of the Weil zeta functions 
associated to the (Q) — \U\) -dimensional smooth projective varieties Ejj it 
is known that 

2((;)-ii>i) to,r 

bu(q)= E (-!) r E^ 

r=0 j=l 

for suitable non-negative integers tu,r and non-zero complex numbers otu,r,j, 
with the property that, for each U, r, the multi sets 

{<*U,rj\j G [%,2((;)-|l/|)-r]} 

and 



J G [£[/, r ] 

coincide (cf., e.g., [5j Proof of Theorem 4]). This motivates the definition 
(13) 6 t ,( 9 -i):= 9 -((;H^) 6ir ( g )= E (-^E^ni- 

r=0 i=l 

We shall prove 



Theorem 2.3. Under the assumptions of Theorem \2.S\ the following 'inver- 
sion properties' hold: 

(IP) VI C [n - 1] : ^(s)!^-: = (— l)' 7 ' E ^( s ) 

Proof. To see what happens to the (rational) functions 3y,j(g, s) in expres- 
sion (jlip if we formally invert the prime power q, we employ a result of 
Stanley: 

Proposition 2.1. Lei L CTT (n), er € [s], r € [i], 6e TL-linear forms in the 
variables n\, . . . , n r and X\, . . . , X r , Yi, . . . , Y s independent variables, and set 

z°(x,y) = e n x p p n Yf nTm{LMn)} 

ngN r pG[r] cr£[s] 

z(x,y) = e n ^ n yr nT£[t]{iCTT(n)} 
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Then 

Z°(X- 1 ,Y- 1 ) = (-l) r Z(X,Y). 

Proof. The proof of \28\ Theorem 4.6.14] carries through to this slightly more 
general situation, provided one chooses a triangulation of N r that refines a 
subdivision into rational polyhedral cones eliminating the 'min'-terms in the 
sum defining Z(X, Y). □ 

Corollary 2.2. For all I C [n - 1], V C T, 

(14) H^fesjl^^-fWI ZwMs)- 

wcv,jci 

We record the following simple fact: 
Lemma 2.1. For all U C T, J C [n - 1], 

(15) ^(-l)l^l(l-g-T l E S ^ s ) = 

g -l^l^(-l)l^l ( ,_i)|v| 5vjfes) . 

The proof is a simple computation. We can now deduce 

sou-. =y^| E w*- 1 ) E(-D |ONV| o - O'" 1 - 

=(-l)l / IE|G/S(F g )r 1 E^l6 c/ (g)- 

JCJ C/CT 



This completes the proof of Theorem 12.31 □ 

Recall that the polynomials (") „ were introduced at the end of the intro- 
duction. We define 



vcu wcv 

JCI UCT 

Y (-1)^(9 -1)1^5^(9,8) (USD 
FCC/ 

<-i)i 7 iE^(s). dD 



( 16 ) _ 

-1] 

To prove Theorems 1X1 iBl and [Q we shall need 



JCfn-ll V 7 1 
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Corollary 2.3. Under the assumptions of Theorem \2.2[ the following func- 
tional equation holds: 



(17) 



Z(s) 



q->q~ 



("I) 



n-l. 



Dz(s). 



Proof. This follows from the proof of [32] Corollary 2]. Note that Theorem 1 2, 21 
provides the required analogue of [321 Lemma 6]. □ 



Theorem |Pl will follow from Proposition 12.21 of the next section which is in 
turn a special case of the following straightforward corollary. 

Corollary 2.4. Under the assumptions of Theorem \2.2\ for any i £ [n — 1], 



(18) (Z (s) + (l-q- n )Z {l} (s 



\q->q- 



Z (s) + (1 



)Z 



2.2. A first application: Counting elementary divisors. We show how 
the problem of counting elementary divisors of matrices of forms may be 
reduced to the problem of computing p-adic integrals of the form studied in 
the previous section, associated to the polynomials describing the degeneracy 
loci of these matrices. The main result of this subsection - Proposition 12.21 - 
will be needed to prove Theorem [D] in Section 13.41 

Again, let K be a p-adic field with valuation ring R, whose maximal ideal 
is denoted by P. Let 1Z be an e x /-matrix (with e > /, say) of polynomials 
lZij(Y) € R[Yi, . . . , Y n ]. We make the assumption on 1Z that, whenever 
y = (yi, . . . , y n ) € R n is a vector with y ^ 0, at least one entry of lZ(y) is 
non-zero. For a non-negative integer iV and a vector yP N G (R/P N ) n we 
say that lZ(yP N ) has elementary divisor type m (written v(lZ{yP N )) = m) 
if m = (mi,... ,mj), m.j € [0,iV], m\ < ••■ < mj, and there are matrices 
p G GL e (R/P N ), 7 e GL f (R/P N ) such that 



[3K(yP N h 



mi 



\ 



m f 



mod P 



N 



For m € Nq we set 



Ml 



{yP N G (R/P N ) n \ yP N ± Q,v(K(yP N )) = m} 



Note that A/jv,^,m = unless = mi < • ■ ■ < mj < N (the necessity of 
mi = being a consequence of our assumption on 1Z). Given, in addition, 
a g x /i-submatrix S of 1Z (WLOG g > h) defined by choosing g rows and h 
columns of 7Z, and an /i-tuple n we define 



Mi 



N 



yP N e(R/P N ) n \y^0, 



v{lZ{yP N )) = m 



n 



v{S{yP N )) 

Again, MN,n,s,m,n = unless = mi < ■ ■ ■ < nif < N and ni < ■ ■ ■ < n^. 
We suppress the subscripts 1Z and <S if they are clear from the context. 
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Given complex variables r±, . . . , r/, si, . . . , Sh, we define the generating 
function 

P(r,s) = Pn,S,K(r,s) = E ^m^-^^^-^^-^W^^. 

NeN 

meN^.neNjf 

We now assume that the matrix 1Z is in fact defined over a number field F, 
that its entries are all homogeneous of the same degree and that the above 
assumption on 1Z is satisfied for almost all completions K of F for which 
all 1Zij(Y) G i?x[Y]. We consider such a 'good' completion K and drop 
the subscript K. For i G [/]o, let p i denote the set of i-minors of 1Z. The 
polynomials Pi define the (rk < i — l)-locus (or i-th degeneracy locus) of 
TZ(Y). Similarly, let tTj, j G [h]o, denote the set of j-minors of S. Let 

k :=max{i G [/] | ( Pi ) ^ (0)} and I : = max{j G [h] \ {(Tj) / (0)}. 

Note firstly that p = er = {1}, secondly that, by our assumption on 1Z, 
k > 1, thirdly that < I < k and fourthly that P(r,s) is really a function in 
the variables r\, . . . , r^, si, . . . , sf. 

(19) P(r,s) = A^v, m , n( 7~ E ^w(^-^K-EA e[; ](^-nA) S A 
NeN 

where we set, given m = (mi, . . . , m^.) and n = (m, . . . , n/), 

,m,n • — (mi,...,m h ,N,...,N),(ni,...,ni,N,...,N)- 
For / C {1} and W = T = GL n (R) as above, consider the p-adic integral 

(20) 

Zj(r,r, S ,s,t) := [ \ X W\* ]J ^(y 1 ) U xWp^tfW ^(y^f". 

\{ |kA(y 1 )Uxl / l < T A _ 1 (y 1 )!|^|| < T A _ 1 (y 1 )||^|dx / ||dy|, 

\e[i] 

where y 1 denotes the first column of the matrix y G T. 

Remark 2.1. Whilst artificial, the formulation of Zj as an integral over 
p\l\ x r rather than over pl J l x R n \ P n serves to make it fit the 'blueprint' 
Theorem 12.21 provided in the previous section. 

We now set, for m = (mi, . . . , mfc) G Nq, n = (m, . . . , n{) G Nq and TV G N 

MAr,m,n = y. { (x, y) G P x r| v(x) = N, uCR^P")) = m, i/^y 1 ^)) = n} 

and Zi(r, s, t) := Zi(r, — r, s, — s, t). Note that, by definition, /xj\r jmjn = 
unless < mi < • • • < m^ < N and n\ < ■ ■ ■ < n\ < N. By definition of the 
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polynomials p K , a\, we have 

(21) Z (r, s, t) = /x(r) (and thus, by (051), -Mr, s, t) = 1), 

(22) Z {1} (r,s,t) = Yl ^N,m,nq- tN -^ rKmK ~^ s ^. 

Theorem 12.21 is applicable to Zj, I C {1}, together with a principalisation 
(Y, fc), /» : Y -+ G/B, of the ideal X = n se[fc] (pj EL^^a)- Indeed, 5(F)- 
invariance is a consequence of the fact that the entries of 1Z were all assumed 
to be homogeneous of the same degree. 

The following crucial lemma relates the numbers /zjv m n with the data 
■A/at, m,n we would like to capture: 

Lemma 2.2. For iV G N 

( n ) 

(2d) J\lN,m,n — j»jV,m, n g 

Recall that (J) t = (1 - g" n )/(l - g" 1 ). 
Proof. Let IVn jy denote the group 



71 


* 




7n-l 





where 7, stands for a matrix in Tj = GLj(i?), * for an arbitrary matrix with 
entries in R, and q N * for a matrix of the appropriate size with entries in q R, 
respectively. Then the set 

{(x,y) G P x T| v{x) = N, u{TZ{y 1 P N )) = m, u{S{y 1 P N )) = n} 
may be written as a disjoint union of the |T : Lai N \ sets 

{(x,y) G P x 7 r {1}jAr |t;(x) = JV, ^(y 1 ^)) = m, ^(y^)) = n} 

where 7 runs through a complete set of coset representatives of r/Lm at. The 
measure of each of these sets is either zero or equals (1 — q~ 1 )q~ N fiftin^). 
The latter happens N' N m n times, where 



V G P"- 1 ^/^)! y 1 / 0,^(7e(y 1 )) = m,i/(5(y 1 )) = n} 
Clearly A6v jm>n = (1 - Q~ 1 )Q N J^N,m,n- Usin g the identity 

M(T)M r {l},iv) = 

we obtain 



as claimed. □ 
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Lemma 12.21 yields 

P(r, s) - 1 = P(r, s) - Z^-r, -s, ^ r K + ^ s x - n - 1) © 

K A 

= ^ jy^ )m)n9 -^ew^- m «) r «-SA6w( iV -^)»* (USD 

ihGNqjIiGNq 
(?),-! 

M(T) ' 

= -^f %} (-r, -s, ^ r K + ^ SA - n - 1) © 
= (l-g^)% } (-r,-s,^r K + ^s A -n-l). (HDD 

K A 

From Corollary 12.41 we deduce 

Proposition 2.2. For all but finitely many completions K of F , the following 
functional equation holds: 

Pn,s,K(r,s)\g-+ q -i = q n Pn,s,K(r,s). 

3. Applications to zeta functions of groups and rings 

3.1. Zeta functions of rings. In this section we prove Theorem lAl Let L be 
a ring of torsion-free rank n. In fact, without loss of generality we may assume 
that L is additively isomorphic to Z n . Let p be a prime. Multiplication in L is 
a bi-additive mapping (5 : Z n x Z n -> Z n , which extends to P : Z™ x Z£ -> Z™, 
inducing a Z p -algebra structure on L p := L ® Z p . We shall give a formula for 
the local zeta functions 

where H runs over the subalgebras of finite index in L p , valid for almost all 
primes p, in terms of the p-adic integrals studied in Section [2 More precisely, 
we shall show that Cl,p( s ) is expressible in terms of functions Z(s), defined 
as in (fT6|) . to which Corollary 12.31 is applicable. 

Write L = 7Ll\ © • • • © Z/ ra . We consider the n x n-matrix of Z-linear forms 

K(y) = (Ly(y)) G Mat n (Z[y]), 
where Ly(y) := Ylke\n] A^yfc, encoding the structure constants A^- of L with 
respect to the chosen basis, that is klj = Y^,ke[n] A^fe- Let Cj denote the 
matrix of the linear map given by right-multiplication with the generator . 

A full sublattice A in (L p , +) corresponds to a coset TM, where r = T n = 
GL n (Z p ) and the rows of the matrix M = (niij) G GL n (Q p ) n Mat n (Z p ), 
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the set of integral n x n-matrices with non-zero determinant, encode the 
coordinates of generators for A with respect to the chosen basis. Denote by 
Mi the i-th row of M. It is not hard to check (cf. the proof of [8j Theorem 5.5]) 
that A is a Z p -sub algebra of L p if and only if 



(24) 



€ [n] 



Mi C r m jr £(M k \k£ [n]) Zp . 
rE[n] 



Rather than trying to analyse the restrictions condition (|24p imposes on the 
entries of suitable upper-triangular representatives of the coset TM as in [8], 
we base our analysis on the following two basic observations. 

The first point is that every homothety class of lattices A in (L p , +) contains 
a largest subalgebra Ao, and the subalgebras in this class are exactly the 
multiples p m Ao, m € Nq. We thus have 



(25) 



( L , p (s) = (l-p- ns ) 



[A] 



An 



where Ao denotes the largest subalgebra in the homothety class [A] 

The second observation is that it is easy to check condition 
happens to be a diagonal matrix. With respect to the given basis, 
not admit a diagonal representative. By the elementary divisor 
however, it does contain a representative of the form M = Da 
a € T, 



[Ao]- 
MD if M 

TM may 
theorem, 
, where 



D = D(I, r ) 



P 



diag^^ 1 



,P 



1, 



for a set / = {ii, . . . , i/}< C [n— 1] and a vector (r , r ix , . . . , r^) =: r € NoxN^ 
(both depending only on TM). We say that A has type (J, ro). We call A 
maximal (in its homothety class) if ro = 0. We say that the homothety class 
[A] has type (I,r), r = (r^, . . . ,Vi t ) G N', - written ^([A]) = (J,r) - if its 



maximal element has type (I, (0 



)). By slight abuse of notation we 



may also say that a lattice A has type I if ^([A]) = (J, r) for some integral 
vector r, and that a homothety class [A] has type I if any of its elements does. 
In this case we write ^([A]) = /. We shall denote by a? the j-th column of 
the matrix a and by Da the i-th diagonal entry of D. Note that a is only 
unique up to right-multiplication by an element of 

\ 1 



T IfT := Stabr(rD) = { 





( Til 


* 




* 


* 














< 


p r i\+ r i2 -if 


p Ti 2 * 




* 












7«;-ii-i 


* 






p ri i J[ ^ r h * 






ln-ii 



J J 

where 7 t stands for a matrix in r t , * for an arbitrary matrix with entries 
in Z„, and p r * for a matrix with entries in p r 7L v of the appropriate sizes, 
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respectively. Thus there is a 1 — 1-correspondence between lattice classes [A] 

of type (I, (r^ ,...,?"»,)) and cosets aYi r . Furthermore 

(26) 

|{[A]| u([A]) = (i,r)}| = |r : r />r | = M(r)/M(r/, r ) = (f) p^^-), 

where, as usual, \x denotes the Haar measure on T normalised so that fi(T) = 
(1 — p^ 1 ) ... (1 —p~ n )- As we have noted above it coincides with the additive 
Haar measure on Mat n (Z p ) = Z" , normalised so that /u(Mat ra (Z p )) = 1. 
It is now straightforward to check that (|24p is equivalent to 



(27) Vi G [n] : DTZf^D = mod D«, 

where 72-^ (a) := a~ 1 lZ(a l )(a>~ 1 ) t . It is easy to verify that condition (f27l) is 
equivalent to 

Vi,r, s G [n] : (7e.^ ) (a)) rs p ro+ ^^'-ei r ''+Er< i .6J r -+Ei> te in = q mod p£U/ r ' 

which may in turn be reformulated as 
(28) 



ro>£ 



r t — mm < 



^V 4 , ^ r t + ^2 r b + ^ r t + «i rs (a)| (£, r, s) G [n] c 



oEl s<i£l r<L£l i>i£l 



=:m([A]) 

where ^(a) := minjup (^(Jl^(a)) pa ^ \u < i, p > r, a > s\. 

Remark 3.1. Whilst it might seem more natural to replace the inequalities 
in this definition of Vi rs (a) by equalities, the present formulation is preferable 
as it allows us to translate the counting problem into the language developed 
in Section [2j 



Note that the right hand side of (I28p depends only on the homothety class 
of A and is neatly separated in terms that depend on the type (I, r) of [A] and 
terms that depend solely on a. The subalgebra Ao is characterised by equality 
in (|28p . As we shall see, this formulation of the 'subalgebra condition' f)24f) 
therefore enables us to express the p-th local zeta function of L in terms of 
p-adic integrals on {pL^y 1 ^ X T, I C [n — 1]. 

By (|25j) it suffices to compute 

(29) A<(s):=Y,\L p :A \- s = ^ £ |L p :A |- s . 

[A] /C[n-1] u([A])=I 



= :A<(s) 

For a fixed I = . . . , i{\ < C [n — 1], we set 



^>,m : = IM K[A]) = (J,r),ro([A]) =m}| 
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with to ([A]) defined as in (f28l) . Thus 

r=(r il ,...,r il )eN t m€N 

(30) =^2 p -^ei^+n) Af< rmP Snm . 

reN ! meNo 

As in the proof of Proposition 12.21 we shall design a p-adic integral to 
describe the generating functions Af(s). Consider thep-adic integral Zj(s) = 
Z\y,q p ,i{si, . . . , s n ) defined as in Section [2] with k = n, to = n 2 , W = T and 
set 

firs(y) ={(^)(y))p<x| t <i,P>r,a > s}, (i,r,s) € [ra] 3 , 

gn .,/(x,y) = (n4 u u f^(y), 

(31) g/t ,j(x,y) =|n^ K |, «G [n-1]. 

The ideals (fj r . s (y)) can easily be seen to be i?(Q p )-invariant. Without loss of 
generality we may assume that none of them equals the zero ideal (otherwise 
we just omit the respective ideal), and, by omitting at most finitely many 
primes, we may assume that this also holds mod p. (Note that we may well 
have to omit all the (firs(y))- This happens when the ring structure is trivial.) 
Thus Theorems 12.21 and 12.31 and their Corollaries apply to a principalisation 
for the ideal 1 = Y\i rs (firs(y)) with good reduction mod p. Note that 

(32) Z<(s) := Zj(s) = Zj((s L ) LeI ,s n ) = J^P'^^ £ H%,*jr* m > 
where 

Ml>,m = ^{( x >y) G (p Z p) 1 x r l v p {x L ) = r t ,TO(x,y) = to| , 

with 

TO(x,y) : = 

min< £r M £ v p (x L )+ £ v p (x L ) + £ v p (x L ) + v irs (y)\ {i,r,s) € [ 
I s<i,ei r<i,ei i>t,ei 



n\ 3 



Again we need a lemma to relate the numbers fif r to the data A/^ r m we 
are trying to understand. 

Lemma 3.1. 

(33) 



,< 



J,r,m (l_p-l)i p -E t6J r 4/i(r ) (1 _ „-!) ^>™ P 
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Proof. The set 

|(x,y) e ipLp) 1 x T| v p (x L ) = r t ,m(x,y) = m\ 

may be written as a disjoint union of the |T : 17/ r | sets 

|(x,y) G x 7r /jr | u p (xj = r t ,m(x,y) = m| 

where 7 runs through a complete set of coset representatives for r/rj r . The 
measure of each of these sets is either zero or equal to (1— p^) l p ~^ LelVL n(Ti tr ). 
The latter happens if and only if jTi^ corresponds to a lattice of type (I, r) 
such that m([A]) = m. This proves the first equality. The second equality is 
an immediate consequence of (|26p . □ 



Lemma 13.11 allows us to express the generating functions (|30p in terms of 
the p-adic integrals ([32]) . Indeed, 



rGN ; meNo 

( i_p-i)i MCr) Z-P ^^' r ' mP ^ 

( n ) 

' -Z/((s(t + n)-t(n-t)-lW } -sn) §2 



(l-p-i)V(r) 

= Q ^((a(t + n)-4(n-t)-lW,-«n). CD} 
Theorem 1X1 follows now from equations (|25p and ()29|) . and Corollary 



3.2. Conjugacy zeta functions of nilpotent groups. In this section we 
prove TheoremlBl As mentioned in the introduction, it suffices to compute 

(34) C£» = £ \Lp : 2f|-|Lp : Nl p {H)\~ 1 

H<L P 

for almost all primes p, where L = L(G), L p = L ® Z p and Ml p {H) = {I € 
L p | [iJ, Z] < iif} is the normaliser of H in L p . 



Remark 3.2. It was pointed out, e.g. in |34[ Section 3.8], that, whilst ([31 
might be used to define local 'conjugacy' zeta functions for arbitrary rings, 
they might not encode the solutions to any actual counting problem unless 
L p = L <g> Z p for a nilpotent Lie ring L. It is for that reason that we formu- 
late Theorem [B] in terms of T-groups G, bearing in mind that its proof is 
immediately reduced to a computation in the Lie ring L{G) that draws upon 
neither the nilpotency nor the Lie property of L(G). 



Along the lines of the 'first observation' in the proof of Theorem IA1 we use 
the fact that, for a subring H of L p , the normaliser Ml p (H) is an invariant 
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of the homothety class [H] of H. We may thus write Nl p ([H]) for Ml p (H). 
Resuming the notation of the proof of Theorem |A] we have 

(35) L P > A/i p ([#])> A >Mo>P 2 Ao> ••• 

(H G {p m Ao| m £ No}). In addition to recording the index \L p : Aq\ as we 
run over homothety classes [A] of lattices in Q p , we now have to control the 
index \L P : A/l ([A])|. We shall see that this index, too, might be expressed 
in terms of congruences involving the type (J, r) and coset aTj tT determining 
[A] = [Ao], similar to the congruences ([27]) . To compute their index requires 
us to control the elementary divisors of certain matrices. A similar problem 
was considered in Section HT2l the problem we will have to solve in Section [331 
is also of this kind (though slightly simpler). We resume the notation from 
Section [3TT1 From ([35]) we deduce 

c£» = (i - v~ ris r l £ \ l p ■ a °\~ s \ l p ■ ^([ADr 1 . 

[A] 

Using a fixed basis to identify L p with Z" we may express the condition 
x G Wl p ([-£/]) in a similar fashion to (|24p . If M is any matrix whose rows 
Mfc encode the coordinates of generators for any element of [A], a vector 
x = (x\, . . . , x n ) G is in A/"l p ([A]) if and only if 

(36) Vt € [n] : C r m ir G (M k \ k G [n]) Zp . 

r£[n] 

Using the correspondence between lattice classes and pairs ((J, r), aTj tV ), con- 
dition (|36l) may be reformulated as 

(37) Vi G [n] : xK c fa(a)D = mod D u , 

where lZ c ^(a) := TZ{a l )(a^ l ) t and D = D(I,r). We note that the scalar p r ° 
in cancels in (|3T|) : we may thus assume ro = 0. Condition (|37p is then 
equivalent to 

(38) Vi G [n] : jtf^(a).Dp£'<* r ' = mod pE^ r *. 
Setting 

W«(a) = (^ ) (a)|...|^,(a)), 
D cc (/,r) = diag( £, . D , p Ti iD, . . . ,p ri i.P , . . . , p^u n D, ■ ■ ■ ,p E ^ n J> ), 

(where 'diag' refers to the diagonal n 2 x n 2 -matrix built from n scalar mul- 
tiples of the diagonal n x n-matrix D), (|38|) may in turn be reformulated 
as 

(39) xft cc (a)D cc (/,r) =0 mod^a^ 

To keep track of the index of A/z,„([A]), the full sublattice of L p = Z p of 
solutions to (|39p . we introduce an invariant z^ cc ([A]) G Nq as follows. We say 
that z^ cc ([A]) = m = (mi, . . . , m n ) G Ng if 
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• the matrix 1Z CC (a)T) cc (I , r) has elementary divisor type 

m = (mi, . . . ,m n ) 

(i.e. there are matrices (5 G T n , 7 G T n 2 such that /37£ cc (a)D cc (/, r)7 = 
(diag(p mi , . . . ,p mn )\0) and m; G No U {00}, rfiy < ■ < rh n ) and 

• m = (mi, . . . , ro n ) is defined by rrij = min j^ teJ r t , m^} for each 
i € [n]. 

The index |L p : A/"l p ([A])| equals 

pE i6 [n](E ie /'-'-">0 
As in Section 13.11 it is helpful to write 

[A] 

= E E \L p : A \- s \L p : ^ Lp ([A])\~K 

/C[n-1] i/([A])=J 



=:Af (s) 

For a fixed / = {ii, . . . , i;}< C [n — 1], we set 

^r„ ■■= |{[A]| K[A]) = (/,r),m([A]) = m,^ c ([A]) = m}| 
with m([A]) defined as in (|28p . We thus have 
Af(«) 



rGN ! meN 



As in Section [3.11 we shall show that the generating functions Af(s) may be 
expressed in terms of the p-adic integrals to which the results of Section [2] may 
be applied. In order to control the invariant z/ cc ([A]) we need to parametrise 
the minors of the matrix TZ cc (y) in a suitable way. This motivates the fol- 
lowing combinatorial definitions. 

Let Mat n ({0, 1}) denote the set of n x n-matrices with entries in {0,1}, 
and Sj° n = {S G Mat n ({0, 1})| ^2 r s S rs = j}. We introduce a partial order 
on S^ n by saying that, given S, T G 5? c „, T < S if, 

for all r G [n]: £ p < r £<reM ^ - £p<r £^e[n] V and, 

for all s G [n]: £ CT>S E P e[n] T ^ ^ £u>s E p6 [ n ] >V 
Pictorially speaking, this amounts to saying that the matrix T may be ob- 
tained from the matrix S by moving some of the non-zero entries towards 
'north-east'. Given a matrix S G Sj C n and a n x n 2 -matrix M = (Mi | . . . |M n ), 
Mj G Mat n (Z p ), ajx j-submatrix of M of column-type S is a submatrix ob- 
tained by choosing j rows of M and the s-th column of M r if and only if 
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S rs = 1. For S G Sf nJ we set 
(41) 

f£ c 5 ( y ) = {det(iV)| N a j x j-submatrix of 7e cc (y) of column-type T ^ 5} 
and define the monomial 

We set 

f£(x,y) = |J M^(x)f? c 5 (y). 

Now we define, using the sets of polynomials g K; /(x, y) introduced in (j3"Tj) . 
Zf(s,s,S) = / [] ||g«,j(x,y 



(42) 



ll^(x,y)u f^i,7(x,y)|^||f^ li7 (x,y)||^ |dxj||dy[. 

je[n] V Ve/ / / 

Remark 3.3. Note that M^ 7 (x)|M^ 7 (x) if T ^ 5. We therefore could have 



kept definition (|4ip simpler by replacing T H S" by '5", without changing the 
integral Zj c . The extra complication ensures that the results from Section [2] 
are applicable. 

We leave it to the reader to verify that, for each j G [n] and S G 6^, 
the ideal (fjs(y)) is l?(Q p )-invariant. Therefore the Theorems 12.21 and 12.31 

and their corollaries are applicable to the integral Z| c (s,s,s). Note that 
Zf(s,s,s) = Zf((sJ tG/ ,s n ,s,s). We set 

V?,r,m,m = M( x ,y) G (pZ p )' x W|i/ p (x*) = r t ,m(x,y) = m,^ cc (x,y) = m}. 
Here z/ cc (x, y) = m = (mi, . . . , m n ) if, for each i G [n], 



mi 



min |^fp(x t ),mi| , 



where m = (mi, . . . , m n ) is the elementary divisor type of the matrix 

7e cc (y)D cc (/,( Wp (x t )) te/ ). 

Then 

Zf((s t ) te/ ,s n ,s) := Zf ((s t ) te /,s n ,s, -s) 

E l6 js<.n V s ,, c r c T1 - S n m -E l6 [„] 

h 1 ! ,r,m,mF 



rgN ; mgN 



As in ([33]) we want to relate the numbers ^ 7 c r m m with the integers Aff 



cc 
r,m,m' 
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Lemma 3.2. 

(43) N? c = u c T c p E iex n('(«-')+i) 

\ "J JV 7,r,m,m /-^ p~^Y^j,(Y) ' r ' m ' In 

Proof. Analogous to the proof of Lemma 13. 11 □ 
Thus 

Af(s) 



r£N l meN , 
(j)p-l 



r,m,m. 



(l-p-i)V(T) 

^ pE. r l (-s( t+ n)+,(n-0+l-n) J- ^^^^^M ™- g£ 
(j)p- 1 

Zf + n) - t(n - t) - 1 + n) te/ , -sra, -1, . . . , -1) 02 



:Q Zf ((s(t + n) -t(n-t) - l + n) L£l ,-sn, -!,...,-!). (JTDJ 



Theorem IB] now follows from Corollary [27 

3.3. Normal zeta functions of class- 2-nilpotent groups. In this section 
we prove TheoremO Let G be a T^-group as in the statement of the theorem. 
Without loss of generality we may assume that G/Z(G) and Z(G) are torsion- 
free abelian groups of rank d and d 1 , respectively (so n = d + d'), and that G 
admits a presentation 

G = (gi, ■ ■ ■ ,9d, hi, . . . , h d >\ [gi,gj] = \%h k , A-j- G Z, all other [ , ] trivial). 

ke{d] 

(Note that we used additive notation for expressions in the abelian group G' .) 
Thus we obtain a matrix 

M(y) := (L y (y)) G Mat d (Z[y]) 

of linear forms Ly(y) := X^fcG[d] ^ijUk, encoding the commutator structure of 
G. By disregarding at most finitely many further primes we may also assume 
that p does not divide M.(a) whenever a G Z^ \ pU^ . 

We begin our argument as in [31[ Section 3], albeit with slightly different 
notation. Note, however, that we do not require the assumption that Z(G) = 
G' . By [311 Lemma 1] and its corollary, it suffices to compute a functional 
equation for the generating function 

A<(s)= £ Afts), 

IC[rf'-l] 
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where 

A« I (s)= \Z(L p ):A\ d - s \L p :X(A)\- s . 

Here the sum ranges over homothety classes of maximal lattices A of typ^l I 
in the centre Z{L P ) of the Z p -algebra 

L p := (G/Z(G) ® Z(G)) ® Z p , 

andX(A)/A = Z(L p /A). We identify Z{L p ) with Z^f using the basis {hi,... ,h d >}. 
The index \L P : X(A)\ is the index in L p /Z(L p ) = Z^ of a system of linear 
congruences which we now describe (cf. [30, §2.2]). Let [A] be of type (/, r), 
I = {ii, . . . ,i;}< C [d! — 1], r = (r^, . . . , r^) € N', corresponding to the coset 
aT^ r £ r^/ /r/ >r as in the proof of Theorem [A] We set 

(44) M < (a) = (M(a 1 )\...\M(a d ')) , 

D«(/, r) = diag(l, . . . , l,p r n ,p r n , . . . ,p£^ r *, . . . ,p£^ rt ). 



d«i d{i2— n) d(d'-ii) 

The system of linear congruences under consideration is 
(45) xM^ (a)D < (7, r) = mod r ' . 

The solutions to this system form a full lattice in L p / Z{L p ). To keep track 
of its index we define the invariant z/([A]) 6 Nq as follows. We say that 
z/([A]) = m = (mi, . . . ,m d ) if 

• the matrix A4 <I (a)D <3 (I, r) has elementary divisor type 

m = (mi, . . . ,fhd) 

and 

• m = (mi,...,m n ) is defined by mj = min{^ tgJ r t , rnj for each 
i € [re]. 

The index of the system ()45p equals 

pEjg[ d ](E lS j'"t-m j )^ 

By defining 

^ := |{[A]| K[A]) = (I,r),u'([A]) = m}| 

(note that Nf r m ^ implies mi = 0, as p /.M^a)) we obtain a formula for 
j4j(s) that is analogous to ([30]) : 



rGN ; mGNg 

(46) =^ p E; te /n(--(*+-0+«0 ^A^ irim / E ^M m ^. 



2 Note that the definition of a lattice's type given in |31| differs from the one in the 
current paper in so far as / is replaced by d! — I = {d! — i\ i G /}. 
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As in Section [3.11 we shall show that the generating function Aj(s) may be 
expressed in terms of a p-adic integral to which the results of Section [2] can 
be applied. We shall need some more notation. 

Given the d x dd'-matrix M = (M\ \ . . . \M d '), Mi G Mat d (Z p ), a j x j- 
submatrix of M of column- type S = (ai, . . . ,a d >) G Nq , J2ie[d'] a i = 3i 1S a 
submatrix obtained by choosing j rows of M and cr, columns in the 'block' 
Mi for each i G [d']. We denote by S^ d , = {(<ti, . . . , cr d ,)| °* = tne 

set of possible such column-types. Given S = (ai), T = (rj) G <SjV> we write 
T 1 S if, for all i G [d'], E t <i r t > E t <* ^- For 5 G S^,, we set ' 
(47) 

fj,s(y) = {det(iV)| N a j x j-submatrix of A4(y) of column-type T ^ S 1 }. 
We define the monomial Mg j(x) = ]~I te / x t c<Ke ^ d 1 K and set 
f^(x,y)= |J M< SJ (x)q s (y). 

We are now ready to define 
Zf(t,8,a) = Zf((t L ), ( z I ,S2, ■ ■ ■ ,s d ,s 2 , ■ ■ 



I] M|f^(x,y)u S-vfry 

je{2,d] V / 

Remark 3.4. Note that M£ z (x)|Mj j(x) if T ^ 5. We could have kept 
definition (|47p simpler by replacing 'T H S" by l S\ The extra complication 
ensures that the results from Section [2] are applicable. Note also that we 
are not losing anything by omitting the factor for j = 1, as ||i*q t(x, y) || = 

||f^(x !y )|| = 1 for all x G (pZp) 1 , y G W. 

We leave it to the reader to verify that, for each j G [d] and S G <Sj d /, 
the ideal (f^s(y)) is -B(Q p )-invariant. Therefore Theorems 12 .2} [2731 and their 
corollaries are applicable. We set 

M/,r,m = ^{( x ,y) G (p z p)' x Wlupfa/,) = >\V(x,y) = m}, 

where ^'(x, y) = m = (mi, . . . , m^) G Nq if m = min{^ tgJ r t , m} where m 
is the elementary divisor type of the matrix M < (y)D < (I, (v p (x L )) L& j). Note 
that fjq r m ^ implies mi = 0. Then 

Zf((U) keI ,s) := Zfdt^!, s, -s) = £ p~ ^ ^ £ ^ E, eM ^ 




Lemma 3.3. 
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Proof. Analogous to the proof of Lemma 13.11 □ 
Thus 
AKs) 

\ ^ V _ r. I— el r1-\-A±i rl\ S. ^ . /-< 



m 



(Dp- 1 



(l-p-i)^(T) 



<*') 



(l-p-i)V(T) 



*) ^ r ((s(d + 4)-t(d + rf'-0-lW,-a,...,-a). COD 
1 / p- 1 

Theorem ICl now follows from Corollary 12,31 

3.4. Representation zeta functions of T-groups. In this section we re- 
call some of Howe's work |16] on irreducible representations of T-groups and 
co-adjoint orbits and prove Theorem iDl 

If G is a group and H < G is a subgroup we say that H is saturated if 
g n E H implies g E H for all g E G. Denote by H a the smallest saturated 
subgroup of G containing H (this is called the isolator of H in \26\ Chapter 8, 
Section A]). Clearly, if H < G, H = H s if and only if G/H is torsion- free. 

Now let G be a T-group. Recall (cf., for example, [26l Chapter 6]) that, 
by the Malcev correspondence, there is a Lie algebra £g(Q) over Q, of di- 
mension equal to h(G), the Hirsch length of G, and an injective mapping 
log : G — > £g(Q)) sucn that spanQ(log(G)) = £g(Q)- In general L := log(G) 
will fail to be a Lie subring (or even just a lattice). However, by replacing G 
by a subgroup of finite index, if necessary, we may assume it is a Lie sub- 
ring ([H], Section 4) and even that [L,L] C c!L, where c is the nilpotency 
class of L (or G), i.e. that L (and G) are elementarily exponentiable (e.e.) in 
Howe's nomenclature. As we are looking to study Cg T p( s ) f° r an but finitely 
many primes, there is no harm in descending to a subgroup H of finite index 
in G. Indeed, for all p and all n, there is a 1 — 1 - correspondence between 
twist isoclasses of irreducible characters of degree p n and p-admissible twist 
isoclasses of degree p n of G p , the pro-p-completion of G ([H], Lemma 8.5). 
However, G p ^ H p if p j( \G : H\. 

For a T-group G, denote by (G®) the group's lower central series, defined 
by G^ = G, G^ = [G®,G\, i > 2. We say that G ^ {1} has nilpotency 
class c (or is step-c-nilpotent) if G^ ^ {1} but G( c+1 ) = {1}. Similarly, 
we denote by (L^') the lower central series of the Lie algebra L, defined 
by = L, L(* +1 ) = [L®,L], i > 2, and we hope that there will be no 
confusion between group commutators and Lie brackets. It is well-known 
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that log induces a bijection between LW and i G [c]. We write G' for 
G( 2 \ and L' for L^. By Z(L) we denote the centre of L. 

For a sublattice M Q L = log(G), denote its dual Hom(M,C*) by M and 
by rjn : £ — ► M, ^ i— * iP\m the restriction to M. We say that if) £ L is rational 
on M if tm($) is a torsion element. Clearly ip is rational on M if and only 
if if) is rational on M s if and only if ip{nM) = 1 for some n G N. 

Recall that the adjoint action Ad of G on L is given by 

(50) I i— > / + [log 7, /] + (higher terms), 

where we omitted Lie terms of degree > 3. These may be computed in terms 
of the Baker-Campbell-Hausdorff- formula. This element F(X,Y) G Csxy), 
the completion of the free Lie algebra on the symbols X and Y, provides the 
solution to 

exp(F(x,y)) = exp(x) exp(y). 

The Baker-Campbell-Hausdorff-formula allows us therefore to recover the 
group structure on the Lie algebra (cf. [2Ql Chapter 9] and j27J V.3.4 and 
IV.7]). By (f50j) . the co-adjoint action Ad* of G on L is thus given by 

Ad* j(ip)(l) = VKO^Qlog 7,^])^(higher terms). 

Given ip G L we define a bi-additive, anti-symmetric form : L x L — > C* by 
setting B^((li,fa)) = ip([h, fa])- We say that a subalgebra P < L polarises B^ 
if -B^,|pxP = 1 and it is a maximal additive subgroup with respect to this 
property. Note that any such additive subgroup contains the radical Rad^, = 
{leL\^([l,L]) = l} of Bip. 

Lemma [161 Lemmata 1-4] Given ip G L, the isotropy subgroup G^ of ip 
under Ad*G is an e.e. subgroup of G and logG^, = Rad^,. If ip G L is 
Ad* G -invariant, then ip 2 defines a one- dimensional character on G. The 
orbit of ip G L under the co- adjoint action Ad* of G is finite if and only 
if ip is rational on logG^. If ip G L is rational on logG^ then there are e.e. 
polarising subalgebras P for B^. They have finite index in L satisfying \L : 
P\ = \P : Rad^l. 

Theorem |161 Theorem 1(a)] Let G be an e.e. T -group and set L = logG, 
L' s = logG^. Let SI be a finite Ad*G-orbit in L, and ip G SI. Let N be 
the period of ip and assume N to be odd. A finite- dimensional irreducible 
representation Uq may be associated to SI in the following manner: Let P be 
an e.e. polarising subalgebra for B^, set LT = expP and ip := ip\u, & linear 
character on LT. Put Uq := Ind^f^. Then the dimension of Uq is |r2| 1//2 , 
and the character of Uq is £q = ^ 1/2 S<£ef2 < t > ' representations of the 

form x <8> V, x G G/G' s , V defined modulo NG := exp(A r • L), N odd, are 
realised in this manner. 
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Corollary 3.1. For almost all primes p, 

(51) C5»= £ iLrRa^r^lL:^- 1 , 

if) rational of 
p-power period 

where L^ >2 = {I € L\ip([l,L' s ]) = 1}. 

Proof. For primes p not dividing 2\G' S : G'\, Howe's theorem yields that we 
count every p-power degree twist-isoclass at least once when we sum \G : 
Cr^| _s / 2 over the rational characters if) of L' s of p-power period. By further 
excluding finitely many primes, we may assume that \G : G^\ = \L : Rad^,| 
(cf. |14^ Lemma 4.8], in which it is established that log induces an index- 
preserving correspondence between p-power index subgroups of G and p- 
power index subalgebras of L away from a finite number of primes). Hereby 
we overcount every orbit by exactly the index \G : G^^V where G^,2 = {j G 
G|V'([log 7, L' s ]) = 1} is the stabiliser of tp under the coadjoint action of G on 
the restriction of characters to L' s . (Note that this index is always equal to 1 
if G is class-2-nilpotent.) Again at the cost of at most finitely many primes 
we may assume \G : G^^l = \L : L^^\- D 

Howe's parametrisation of irreducible representations allows us to prove 

Proposition 3.1. Let G be a T-group. Then there are matrices S C 1Z of 
homogeneous Q-linear forms such that, for almost all primes p, 

Cg» = -^,Qp(V2,...,«/2;1, •••,!), 

where Pr.,s,Q p * s ^ e generating function defined in Section \2.2l Proposi- 
tion \2.S\ is applicable for n = h(G'). 

Theorem [Pi clearly follows from this. 

Proof. We aim to express both factors in the summands of (|5ip in terms of 
elementary divisors of matrices of linear forms. Recall that L is additively 
isomorphic to where h is the Hirsch length of G. Without loss of generality 
we may assume that L' is saturated in L, and that L' n Z(L) is saturated in 
Z(L) (otherwise we disregard finitely many primes). We fix a Z-basis 

{x\ , • • • , Xd) Xd-\-l i ■ ■ ■ i Xd-\-mi %d+m+l > • • • j %d-\-n\ 

" v ' 

L'nZ(L) 

S v ' 

L' 

of L such that 

{xd+i, . . . , Xd+n} is a Z-basis for L' 
{xd+m+i,- ■ ■ , x d+n } is a Z-basis for ll f]Z(L). 
The Lie bracket induces an anti-symmetric, bi-additive mapping 
P : L/{L' n Z(L)) x L/{L' n Z(L)) -» L' 
(l 1 (L'nZ(L)),l 2 (L'nZ(L))) i ^ [h,l 2 ] 
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We may express this map in terms of our chosen basis as follows. For 1 < 
i, j < d + m, let 

[Xi,Xj] = ^2 ^ijkXd+k, Kjk G Q- 
fce[n] 

Let 7Z = (IZij) denote the (d + m) x (d + m)-matrix of linear forms 
TZ i3 {Y) = ]T \jkY k e®[Y h ..., Y n \. 

k£[n] 

By S we denote the submatrix of 1Z consisting of the last m columns of 1Z. 
By further disregarding finitely many primes if necessary we may assume 
that p divides none of the denominators of the Xijk (so that we may reduce 
mod p), and that, given y G lZ(y) is not zero unless y = G F™. We 
denote by Cj, i G [d + m], the matrices of the additive maps L/(L' n Z(L)) — > 
L', x(L'nZ(L)) i — > [x, Xi] with respect to these bases. For a given non-negative 
integer N G No we identify the set 

$/ p N := |^ G L'\ the period of ip equals p N ^ 

with (Z n /p N Z n ) X := (Z/p N ) n \ ( P Z/p N ) n by sending I = (l u ...,l n ) G 
(Z n /p N Z n ) x to 

ip(bi, ... ,b n ) = exp I I , b = (6i, . . . , b n ) G L'. 

With these identifications we obtain 

k = (k\, ... , k d+m ) G Rad v ,/Z(L) ^V 7 G G : tf> ( /cjXj, log 7 

^Vj G [d + m] : k Cjf = mod 

(52) 7£«) = mod p N 

and 

k = (fci, . . . , /c d+m ) G L^ t2 /Z(L) 44>V7 G C : i/> ( fc^, log 

^Vj G [d + 1, d + m] : k C/ = mod p N 

(53) 4^k S(^) = mod p N . 



7 



In order to use the congruence conditions (|52p and (|53p for an effective com- 
putation of Qq p {s), we need to enumerate the (p-parts of) the elementary 
divisors of the matrices 7Z(£) and S(£) as I runs through the sets $f p N, N G N. 
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By Corollary 13.11 we may write 

Cg, p (s)= Yl \ L : Rad^|- s / 2 |L : L^r 1 

N£N 

N<=N 
meM„ +m , nSN^ 

=Pn,S,Q p (s/2,...,s/2;l,...,l). 
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